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Abstract We study cycle–theoretic properties of the Fano variety of lines on a smooth cubic fivefold. The
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1 Introduction
The notion of finite–dimensional motive, developed independently by Kimura and O’Sullivan [21], [2],
[30], [17], [14] has given major new impetus to the field of algebraic cycles. To give but one example:
thanks to this notion, we now know the Bloch conjecture is true for surfaces of geometric genus zero that
are rationally dominated by a product of curves [21].
Examples of varieties known to have finite–dimensional motive are rather scarce (cf. for instance [27,
remark 2]). In this note, we consider some recent members of the club: Fano varieties F of lines on a
smooth cubic fivefold X . These varieties F are smooth projective of dimension 6; the fact that F has
finite–dimensional motive was established in [27]. We deduce some consequences concerning the Chow
groups Aj(F ) of F . Here is a sample of the main results of this note:
Proposition (=corollary 9) Let F = F (X) be the Fano variety of lines on a smooth cubic fivefold X ⊂
P6(C). Let AjAJ(F ) denote the kernel of the Abel–Jacobi map. Then
AjAJ (F )Q = 0 for all j 6= 4 .
Proposition (=proposition 15) Let F = F (X) be the Fano variety of lines on a smooth cubic fivefold
X ⊂ P6(C). Let Γ ∈ A6(F × F ) be a correspondence such that
Γ∗ = id : H
4,2(F ) → H4,2(F ) .
Then
Γ∗ : A
4
AJ (F )Q → A
4
AJ (F )Q
is an isomorphism.
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Other consequences concern Voevodsky’s smash–nilpotence conjecture (proposition 21), and Murre’s
conjectures (proposition 24).
We also present some results concerning Fano varieties of lines on cubics of other dimensions. Most of
these results are restricted to special cubics X (typically, in order to ensure that X has finite–dimensional
motive). Here is a sample of these results:
Proposition (=proposition 29) Let X ⊂ P7(C) be a cubic sixfold defined by an equation
f1(x0, . . . , x3) + f2(x4, . . . , x7) = 0 ,
where f1, f2 define smooth cubic surfaces. Let F be the Fano variety of lines on X (so F is smooth of
dimension 8). Then numerical and smash–equivalence coincide on Aj(F ) for all j 6= 4.
Proposition (=proposition 32) Let X ⊂ Pn+1(C) be the Fermat cubic
x30 + x
3
1 + · · ·+ x
3
n+1 = 0 ,
and let F = F (X) be the Fano variety of lines onX (so F is smooth of dimension 2n− 4). The cycle class
map
Aj(F )Q → H
2j(F,Q)
is injective for all j ≥ (5n− 2)/3.
Proposition (=proposition 37) Let X ⊂ Pn+1(C) be a smooth cubic, and let F = F (X) be the Fano
variety of lines onX (so F is smooth of dimension 2n− 4). The cycle class map
Aj(F )Q → H
2j(F,Q)
is injective for j ≥ 2n− 6 (resp. j ≥ 2n− 7) provided n ≥ 14 (resp. n ≥ 18).
Proposition 37 provides a partial confirmation of a conjecture of Debarre and Manivel [9, Conjecture
6.4] (cf. conjecture 36).
Conventions In this note, the word variety will refer to a reduced irreducible scheme of finite type over C.
All Chow groups will be with rational coefficients: For any variety X , we will denote by Aj(X) the
Chow group of j–dimensional cycles onX withQ–coefficients. ForX smooth of dimension n the notations
Aj(X) and A
n−j(X) will be used interchangeably.
The notations Ajhom(X) and A
j
AJ(X) will be used to indicate the subgroups of homologically, resp.
Abel–Jacobi trivial cycles. For a morphism f : X → Y , we will write Γf ∈ A∗(X × Y ) for the graph
of f . The contravariant category of Chow motives (i.e., pure motives with respect to rational equivalence
as in [33], [30]) will be denotedMrat. The category of pure motives with respect to homological (resp.
numerical) equivalence will be denotedMhom (resp.Mnum).
We will write Hj(X) to indicate singular cohomologyHj(X,Q).
2 Finite–dimensional motives
We refer to [21], [2], [30], [14], [17] for basics on the notion of finite–dimensional motive. An essential
property of varieties with finite–dimensional motive is embodied by the nilpotence theorem:
Theorem 1 (Kimura [21]) Let X be a smooth projective variety of dimension n with finite–dimensional
motive. Let Γ ∈ An(X ×X) be a correspondence which is numerically trivial. Then there is N ∈ N such
that
Γ ◦N = 0 ∈ An(X ×X) .
Actually, the nilpotence property (for all powers of X) could serve as an alternative definition of
finite–dimensional motive, as shown by a result of Jannsen [17, Corollary 3.9]. Conjecturally, all smooth
projective varieties have finite–dimensional motive [21]. For examples of varieties known to have finite–
dimensional motive, cf. [27, remark 2] and the references given there.
In this note, we will use finite–dimensionality in the guise of the following two lemmas:
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Lemma 2 (Vial [39]) Let
f : P → R inMrat
be a homomorphism of motives, where P is finite–dimensional. Then there exist splittings
P = P1 ⊕ P2 , R = R1 ⊕R2 inMrat
such that f induces an isomorphismP1 ∼= R1, and the homomorphismP2 → R induced by f is numerically
trivial.
Proof This follows from [39, Lemma 3.6]. For completeness’ sake (and because the statement of loc. cit.
is slightly different), we include a proof. The homomorphism f induces a homomorphism of numerical
motives
f¯ : P¯ → R¯ inMnum .
SinceMnum is semi–simple [15], there exist splittings
P¯ = P¯1 ⊕ P¯2 , R¯ = Imf¯ ⊕ R¯
′ inMnum
such that f¯ induces an isomorphism P¯1 ∼= Imf¯ , and P¯2 → R¯ and P¯ → R¯
′ are zero. Using finite–
dimensionality, P¯1 lifts to a direct summand P1 of P ∈Mrat. This induces a splitting P = P1⊕P2, where
the class of P2 in Mnum coincides with the afore–mentioned P¯2 (and so the homomorphism P2 → R
induced by f is numerically trivial).
Let s : P1 → R denote the restriction of f to P1. Let t¯ : R¯ → P¯1 be a left–inverse to s¯ : P¯1 → R¯. By
finite–dimensionality of P1, there exists t : R → P1 which is left–inverse to s : P1 → R (lemma 3). The
idempotent s ◦ t : R → R defines a direct summand R1 ⊂ R such that P1 ∼= R1. This induces a splitting
R = R1 ⊕R2, where R2 is defined by the idempotent idR − s ◦ t.
Lemma 3 (Vial [39]) Let
f : P → R inMrat
be a homomorphism of motives, where P is finite–dimensional. Assume
f¯ : P¯ → R¯ inMnum
has a left–inverse. Then also f has a left–inverse.
Proof This is a remark in [39, Section 3.3].
3 A relation between Chow motives
We recall the main result of [27]:
Theorem 4 ([27]) Let X ⊂ Pn+1(C) be a smooth cubic hypersurface. Let F := F (X) denote the Fano
variety of lines on X , and let X [2] denote the second Hilbert scheme of X . There is an isomorphism of
Chow motives
h(F )(2)⊕
n⊕
i=0
h(X)(j) ∼= h(X [2]) inMrat .
Corollary 5 Let X and F be as in theorem 4. If X has finite–dimensional motive, then also F has finite–
dimensional motive.
Corollary 6 Let X and F be as in theorem 4. Then F satisfies the standard conjecture of Lefschetz type.
Proof Theorem 4 implies there is the same relation inMhom. This means that F is motivated byX , in the
sense of [3]. The validity of the standard conjecture of Lefschetz type for F then follows from its validity
forX , by virtue of [3, Lemma 4.2].
Remark 7 In caseX is a cubic of dimension n = 4, the Fano variety F = F (X) is a hyperka¨hler fourfold
ofK3[2] type [5]. As such, the standard conjecture of Lefschetz type for F also follows from [8, Theorem
1.1].
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4 Fano varieties of cubic fivefolds
4.1 The motive of F
Theorem 8 Let F be the Fano variety of lines on a smooth cubic fivefold. There is a curve C ⊂ F and a
homomorphism
h(F ) → h2(C × C)(2)⊕
5⊕
i=0
(
h1(C)⊕ h1(C)
)
(i)⊕
4⊕
i=1
h1(C)(i) ⊕
⊕
L(nj) inMrat
admitting a left–inverse (i.e., the motive h(F ) can be identified with a direct summand of the right–hand
side).
Proof Let X ⊂ P6(C) be a smooth cubic fivefold, and let F = F (X) be the Fano variety of lines on
X . Lewis’ cylinder homomorphism [28] furnishes a certain complete intersection curve C ⊂ F , and a
correspondence Ψ ∈ A3(X × C) such that the composition
H5(X)
Ψ∗
−−→ H1(C)
Ψ∗
−−→ H5(X)
is a multiple of the identity. Since the other cohomology groupsHi(X) for i 6= 5 are algebraic, it follows
that the homomorphism of motives
Ψ : h(X) → h1(C)(2)⊕
5⊕
i=0
L(i) inMhom
admits a left–inverse. As is well–known,
A∗AJ (X) = 0
[28] (cf. [31] or [13] for alternative proofs). As such, X has finite–dimensional motive [38, Theorem 4].
Using lemma 3, this implies the homomorphism of Chow motives
Ψ : h(X) → h1(C)(2)⊕
5⊕
i=0
L(i) inMrat
admits a left–inverse.
Theorem 4 implies there is a homomorphism
h(F ) → h(X [2])(−2) inMrat
admitting a left–inverse. Since X [2] is dominated by the blow–up of X × X along the diagonal, there is
also a homomorphism
h(X [2]) → h(X ×X)⊕
4⊕
i=1
h(X)(i) inMrat
admitting a left–inverse. Composing, we find a homomorphism
Γ : h(F ) → h(X ×X)(−2)⊕
4⊕
i=1
h(X)(i− 2) inMrat
admitting a left–inverse.
The composition
h(F )
Γ
−→ h(X ×X)(−2)⊕
4⊕
i=1
h(X)(i− 2)
(Ψ×Ψ,Ψ,Ψ,Ψ,Ψ)
−−−−−−−−−−→
(
h1(C)(2) ⊕
5⊕
i=0
L(i)
)⊗2
(−2)⊕
4⊕
i=1
(
h1(C)(2) ⊕
5⊕
j=0
L(j)
)
(i − 2) →
h2(C × C)(2)⊕
5⊕
i=0
(
h1(C) ⊕ h1(C)
)
(i)⊕
4⊕
i=1
h1(C)(i)⊕
⊕
L(nj) inMrat
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has a left–inverse (the last arrow is just regrouping and identifying h1(C)⊗ h1(C) with a direct summand
of h2(C × C)).
Corollary 9 Let F be the Fano variety of lines on a smooth cubic fivefold. Then
AjAJ(F ) = 0 for all j 6= 4 .
Proof This is immediate from theorem 8: indeed, there is a split injection
AjAJ(F ) → A
j−2
AJ (C × C) ,
and the right–hand side is zero for j 6= 4.
Corollary 10 Let F be the Fano variety of lines on a smooth cubic fivefold. The generalized Hodge con-
jecture is true for F .
Proof Corollary 9 implies
Niveau(A∗F ) ≤ 2 ,
in the language of [23]. A Bloch–Srinivas argument (for instance as in loc. cit.) then implies the corollary.
4.2 A refined Chow–Ku¨nneth decomposition
Definition 11 LetM be a smooth projective variety of dimensionm. We say thatM has a Chow–Ku¨nneth
decomposition if there exists a decomposition of the diagonal
∆M = Π0 +Π1 + · · ·+Π2m in A
m(M ×M) ,
such that theΠi are mutually orthogonal idempotents and (Πi)∗H
∗(M) = Hi(M).
Remark 12 The existence of a Chow–Ku¨nneth decomposition for any smooth projective variety is part of
Murre’s conjectures (cf. [29] [16] and section 4.5 below).
Proposition 13 Let F be the Fano variety of lines on a smooth cubic fivefold. There exists a Chow–Ku¨nneth
decomposition
∆F = Π0 +Π1 + · · ·+Π12 in A
6(F × F )
(i.e., the Πi are mutually orthogonal idempotents summing to the diagonal). Moreover, one may assume
Πi factors over a curve for i odd (i.e., for any odd i there exists a curve Ci and correspondences Γi ∈
A
13−i
2 (Ci × F ), Ψi ∈ A
i+1
2 (F × Ci) such that Πi = Γi ◦ Ψi in A
6(F × F )), and Π2i factors over a
0–dimensional variety for i 6= 3, andΠ6 factors over a surface.
There is a further splitting in orthogonal idempotents
Π6 = Π
tr
6 +Π
alg
6 in A
6(F × F ) ,
such that
(Πtr6 )∗H
∗(F,Q) = H6tr(F ) ,
(Πtr6 )∗A
∗(F ) = A4AJ (F ) .
Here, H6tr(F ) denotes the orthogonal complement to N
3H6(F ) under the cup–product pairing.
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Proof This follows from work of Vial [40]. Indeed, using theorem 8 one sees that the cohomology of F is
spanned (via the action of correspondences) by the cohomology of a surface. This implies that F verifies
condition (*) of [40]. Since F has finite–dimensional motive, F also verifies condition (**) of loc. cit.
Thus, [40, Theorems 1 and 2] apply, which means there is a refined Chow–Ku¨nneth decomposition Πi,j
such that Πi,j acts on cohomology as a projector onto Gr
j
NH
i(F ), where N∗ is the coniveau filtration
(here we use that Vial’s niveau filtration N˜∗ coincides with N∗ onH∗(F ), since N∗ = N˜∗ for surfaces).
We now remark that
Πi =
∑
j
Πi,j = Πi,⌈ i−1
2
⌉ for all i 6= 6
(this follows from [40, Theorem 2] sinceHi(F ) = N ⌈
i−1
2
⌉Hi(F ) for all i 6= 6).
For i = 6, we define
Πtr6 := Π6,2 , Π
alg
6 := Π6,3 ∈ A
6(F × F ) .
It follows from [40, Theorems 1 and 2] these Chow–Ku¨nneth projectors have the stated properties.
Remark 14 The Chow–Ku¨nneth projectors are not uniquely defined. Yet, the motive
t6(F ) := (F,Π
tr
6 , 0) ∈Mrat
is well–defined up to isomorphism; this follows from [18, Theorem 7.7.3] and [40, Proposition 1.8]. The
motive t6(F ) can be seen as an analogue of the “transcendental part” of the motive of a surface t2(S)
constructed for any surface S in [18].
4.3 Bloch’s conjecture
Proposition 15 Let F be the Fano variety of lines on a smooth cubic fivefold, and let Γ ∈ A6(F × F ) be
a correspondence.
(i) Assume
Γ∗ = id : H
4,2(F ) → H4,2(F ) .
Then
Γ∗ : A
4
AJ (F ) → A
4
AJ (F )
is an isomorphism.
(ii) Assume
Γ∗ : H
4,2(F ) → H4,2(F )
is 0. Then there exists N such that
(Γ ◦N )∗ : A
4
AJ (F ) → A
4
AJ(F )
is 0.
Proof (i) Let Πi and Π6 = Π
tr
6 +Π
alg
6 be a refined Chow–Ku¨nneth decomposition as in proposition 13.
By assumption, we have
Γ ◦Πtr6 −Π
tr
6 = 0 inH
12(F × F ) .
It follows there is N ∈ N such that(
Γ ◦Πtr6 −Π
tr
6
)◦N
= 0 in A6(F × F ) .
Developing, this implies
(Γ ◦Πtr6 )
◦N + · · ·+ (−1)NΠtr6 = 0 in A
6(F × F ) ,
where the dots indicate compositions of Γ andΠtr6 , i.e. elements of type
±Γ ◦r1 ◦Πtr6 ◦ Γ
◦r2 ◦Πtr6 ◦ · · · ◦ Γ
◦rℓ ◦Πtr6 .
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Considering the action on A4AJ (F ) (and using thatΠ
tr
6 acts as the identity on A
4
AJ(F )), this implies(
Γ ◦N + cN−1Γ
◦N−1 + · · ·+ c1Γ
)
∗ = id : A
4
AJ (F ) → A
4
AJ(F ) ,
where cj ∈ N. This proves (i), as we have constructed an inverse to Γ∗:
Γ∗
(
Γ ◦N−1 + cN−1Γ
◦N−2 + · · ·+ c1
)
∗ =(
Γ ◦N−1 + cN−1Γ
◦N−2 + · · ·+ c1
)
∗Γ∗ = id : A
4
AJ(F ) → A
4
AJ (F ) .
(ii) By assumption, we have
Γ ◦Πtr6 = 0 in H
12(F × F ) .
It follows there exists N ∈ N such that
(Γ ◦Πtr6 )
◦N = 0 in A6(F × F ) .
This implies (
(Γ ◦Πtr6 )
◦N
)
∗ = (Γ
◦N )∗ = 0: A
4
AJ (F ) → A
4
AJ(F ) .
Remark 16 Proposition 15 establishes a weak version of Bloch’s conjecture. Indeed, it is expected that in
(i) one actually has that Γ∗ is the identity, and that in (ii) one has N = 1.
4.4 Voevodsky’s conjecture
Definition 17 (Voevodsky [41]) Let Y be a smooth projective variety. A cycle a ∈ Aj(Y ) is called smash–
nilpotent if there existsm ∈ N such that
am := ︸ ︷︷ ︸
(m times)
a× · · · × a = 0 in Amj(Y × · · · × Y ) .
Two cycles a, a′ are called smash–equivalent if their difference a−a′ is smash–nilpotent.We will write
Aj⊗(Y ) ⊂ A
j(Y )
for the subgroup of smash–nilpotent cycles.
Conjecture 18 (Voevodsky [41]) Let Y be a smooth projective variety. Then
Ajnum(Y ) ⊂ A
j
⊗(Y ) for all j .
Remark 19 It is known that Ajalg(Y ) ⊂ A
j
⊗(Y ) for any Y [41], [42]. In particular, conjecture 18 is true for
divisors (j = 1) and for 0–cycles (j = dimY ).
It is known [2, The´ore`me 3.33] that conjecture 18 for all smooth projective varieties implies (and is
strictly stronger than) Kimura’s finite–dimensionality conjecture for all smooth projective varieties. For
partial results concerning conjecture 18, cf. [19], [35], [34], [39, Theorem 3.17], [25].
Proposition 20 (Sebastian [34]) Let Y be a smooth projective variety of dimension d, dominated by a
product of curves. Then
Ad−1num(Y ) = A
d−1
⊗ (Y ) .
Proof This is [34, Theorem 6].
We now prove the main result of this subsection:
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Proposition 21 Let F be the Fano variety of lines on a smooth cubic fivefold.
(i)
Ajnum(F ) = A
j
⊗(F ) for all j .
(ii)
Ajnum(F × F ) = A
j
⊗(F × F ) for all j 6= 6 .
(iii)
Ajnum(F
3) = Aj⊗(F
3) for j ≤ 3 and for j ≥ 15 .
Proof Part (i) is immediate: A∗(F ) factors over the Chow groups of a surface, and conjecture 18 is known
for surfaces.
(ii) As we have seen, there is an inclusion
h(F ) ⊂ h2(C × C)(2)⊕
5⊕
i=0
(
h1(C) ⊕ h1(C)
)
(i)⊕
4⊕
i=1
h1(C)(i)⊕
⊕
nj≥0
L(nj) inMrat .
It follows there is also an inclusion
h(F × F ) ⊂ h4(C4)(4)⊕
⊕
h2(C × C)(mi)⊕
⊕
L(ni)⊕Modd inMrat ,
whereModd is an oddly finite–dimensional motive, in the sense of [21]. This implies there is a correspon-
dence Γ giving a split injection of Chow groups
Γ∗ : A
j
num(F × F ) → A
j−4
num(C
4)⊕
⊕
Aj−minum (C × C)⊕A
∗(Modd) .
The left–inverse to Γ∗ is again induced by a correspondence. The groupA
∗
num(C ×C) consists of smash–
nilpotent cycles (this is true for any surface). The group A∗(Modd) consists of smash–nilpotent cycles
(lemma 22 below). The group Aj−4num(C
4) consists of smash–nilpotent cycles for j 6= 6, in view of propo-
sition 20. This implies that
Γ∗A
j
num(F × F ) ⊂ A
∗
⊗() for all j 6= 6 .
Since the left–inverse to Γ∗ is induced by a correspondence, it preserves smash–nilpotence and thus
Ajnum(F × F ) ⊂ A
∗
⊗(F × F ) for all j 6= 6 .
Lemma 22 (Kimura [21]) SupposeM ∈Mrat is oddly finite–dimensional. Then
A∗(M) ⊂ A∗⊗(M) .
Proof This is [21, Proposition 6.1].
(iii) As above, we find there is an inclusion of motives
h(F 3) ⊂ h6(C6)(6)⊕
⊕
2≤mi≤12
h4(C4)(mi)⊕
⊕
h2(C2)(ni)⊕
⊕
L(pi)⊕Modd inMrat ,
withModd oddly finite–dimensional. This implies there is a correspondence Γ inducing a split injection of
Chow groups
Γ∗ : A
j
num(F
3) → Aj−6num(C
6)⊕
⊕
2≤mi≤12
Aj−minum (C
4)⊕
⊕
A∗num(C
2)⊕A∗(Modd) .
As above, the last two terms consist of smash–nilpotent cycles. The first and second term are smash–
nilpotent provided j ≤ 3 or j ≥ 15 (for j = 15 we use again proposition 20). We conclude using the fact
that the left–inverse to Γ∗ is given by a correspondence.
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4.5 Murre’s conjectures
Conjecture 23 (Murre [29]) LetX be a smooth projective variety of dimension n.
(A) There exists a Chow–Ku¨nneth decomposition for X , i.e. a mutually orthogonal set of idempotents
Πi ∈ A
n(X ×X) summing to the diagonal and such that (Πi)∗H
∗(X) = Hi(X) for all i.
(B) (Πi)∗A
j(X) = 0 for i < j and for i > 2j.
(C) The filtration
F rAj(X) := ker(Π2j) ∩ ker(Π2j−1) ∩ · · · ∩ ker(Π2j−r+1) ⊂ A
j(X)
is independent of the choice of theΠi.
(D) F 1Aj(X) = Ajhom(X).
Proposition 24 Let F be the Fano variety of lines on a smooth cubic fivefold.
(i) Murre’s conjectures (A), (B), (C) and (D) are true for F .
(ii) Murre’s conjectures (A) and (B) are true for F × F .
Proof It will be convenient to extend Murre’s conjectures to motives; this has been done in [39, Section 2].
We will also rely on the following result:
Proposition 25 (Murre, Xu and Xu, Vial)Murre’s conjectures (B) and (D) are true for the product of at
most 3 curves. Murre’s conjecture (B) is true for the product of 4 curves.
Proof The first statement is proven in [29, Part II]. The second statement follows from the first by applying
[45, Theorem 3.3] (or alternatively [39, Theorem 2.6]).
We first prove (ii) of proposition 24. As we have seen, there is an inclusion of motives
h(F × F ) ⊂ h(C4)(4)⊕
⊕
r≤3
h(Cr)(mj) inMrat .
The right–hand side verifies conjecture (B) (proposition 25). Since any direct summand of a motive verify-
ing (B) also verifies (B) [39, Proposition 2.7], it follows that F × F verifies (B).
We now prove proposition 24(i). That (B) and (D) hold for F follows as above. It remains to prove (C);
this follows from (ii) by applying [39, Proposition 2.8].
5 Some cubic fourfolds
In this section, we consider Voevodsky’s conjecture (conjecture 18) for Fano varieties of some special cubic
fourfolds (known to have finite–dimensional motive).
Proposition 26 Let X be a cubic fourfold defined by an equation
f(x0, . . . , x3) + x
3
4 + x
3
5 = 0 ,
where f(x0, . . . , x3) defines a smooth cubic surface. Let F be the Fano variety of lines on X (so F is
smooth of dimension 4). Then
A3num(F ) = A
3
⊗(F ) .
Proof We knowX and F have finite–dimensional motive [27, corollary 12(iii)]. To prove the proposition,
we reduce to abelian varieties, where it is known that smash–equivalence and numerical equivalence coin-
cide for 1–cycles. For an abelian variety A, we will write ΠAj for the Chow–Ku¨nneth decomposition [33],
[10]. We will write hj(A) for the motive (A,ΠAj , 0).
We first prove the following statement, which may be of independent interest:
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Proposition 27 Let F be as in proposition 26. There exists an abelian variety A (of dimension 22) such
that
h(F ) ⊂ h4(A×A)⊕
⊕
j
h2(A)(mj)⊕
⊕
j
L(nj) inMrat
(i.e., h(F ) is isomorphic to a direct summand of the right–hand side).
Proof For a cubic fourfold X as in proposition 26, van Geemen and Izadi [12, Corollary 5.3] have con-
structed a Kuga–Satake correspondence, i.e. a correspondence ΓKS inducing an injection
(ΓKS)∗ : H
4(X,Q)prim → H
5(Z,Q)⊗H1(E,Q) ,
where Z is a certain smooth cubic fivefold and E is an elliptic curve.
Smooth cubic fivefolds Z are known to have A∗AJ (Z) = 0 ([28] or [31] or [13]), whenceH
5(Z,Q) =
N2H5(Z,Q) (whereN∗ is the coniveau filtration). Now, [1, Theorem 1] furnishes an abelian variety J (of
dimension h2,3(Z) = 21 ) and a correspondenceΛ′ on J × Z inducing an isomorphism
(Λ′)∗ : H
1(J)
∼=
−→ H5(Z) .
The correspondenceΛ′ induces an isomorphism
Λ′ : h1(J)
∼=
−→ h5(Z) inMnum ,
hence there also exists a correspondenceΛ on Z × J inducing the inverse isomorphism
Λ : h5(Z)
∼=
−→ h1(J) inMnum .
Composing correspondences, one obtains an injection(
(Λ ×∆E) ◦ ΓKS
)
∗ : H
4(X,Q)prim → H
2(J × E,Q) .
We now write A := J × E. Since H∗(X,Q) consists of H4(X,Q)prim plus algebraic cohomology, the
correspondence (Λ×∆E) ◦ ΓKS induces a homomorphism of motives
f : h(X) → h2(A)(1)⊕
⊕
j
L(mj) inMrat .
Applying lemma 2 to f , we find a splitting
h(X) = h(X)1 ⊕ h(X)2 inMrat ,
such that f restricted to h(X)2 is numerically trivial, and f restricted to h(X)1 has a left–inverse. Using the
fact thatX andA verify the Lefschetz standard conjecture (and so homological and numerical equivalence
coincide on X × A), we find that f restricted to h(X)2 is homologically trivial. On the other hand, f∗ is
injective on cohomology and so H∗(h(X)2) = 0. By finite–dimensionality, h(X)2 = 0 inMrat and so f
has a left–inverse, i.e. h(X) is isomorphic to a direct summand of the right–hand side.
Composing with the result obtained in theorem 4, this implies
h(F ) ⊂ h(X ×X)(−2)⊕
⊕
j
h(X)(j) ⊂ h4(A×A)⊕
⊕
j
h2(A)(mj)⊕
⊕
j
L(nj) inMrat ,
and so proposition 27 is proven.
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We now wrap up the proof of proposition 21. It follows from proposition 27 (after taking Chow groups)
there is a correspondence Γ inducing a split injection
Γ∗ : A
3
num(F ) → (Π
A×A
4 )∗A
3(A×A)⊕
⊕
j
(ΠA2 )∗A
nj
num(A) ,
and the left inverse to Γ∗ is again induced by a correspondence. This implies there is a split injection
Γ∗ : A
3
num(F ) → A
3
(2)(A×A)⊕
⊕
j
A2(2)(A) ,
whereAi(j) denotes the Beauville filtration [4]. (Indeed, one has (Π
A
2 )∗A
1
num(A) = 0 and (Π
A
2 )∗A
i(A) =
Ai(2i−2)(A) = 0 for i ≥ 3 [4].) Composing with some Lefschetz operators, we obtain split injections
(Γ ′)∗ : A
3
num(F ) → A
3
(2)(A×A)⊕
⊕
j
A2(2)(A)
∼=
−→ A2g−1(2) (A×A)⊕
⊕
j
Ag(2)(A) ,
where g denotes the dimension of A. The second arrow is an isomorphism thanks to Ku¨nnemann’s hard
Lefschetz theorem [22].
As Voevodsky’s conjecture is true for 0–cycles and for 1–cycles on abelian varieties [35], we know that
(Γ ′)∗A
3
num(F )
consists of smash–nilpotent cycles. Since the left–inverse to (Γ ′)∗ is induced by a correspondence, it fol-
lows that A3num(F ) consists of smash–nilpotent cycles.
Remark 28 Let X and F be as in proposition 26. The above argument does not allow to prove that
A2num(F ) = A
2
⊗(F ). The problem is as follows: to prove this along the lines of the above proof, one
would need to know that
A2num(A×A) ∩ A
2
(0)(A×A) = 0 ,
which is one of the open cases of Beauville’s conjectures.
6 Some cubic sixfolds
In this sction, we consider Voevodsky’s conjecture (conjecture 18) for Fano varieties of some special cubic
sixfolds (known to have finite–dimensional motive).
Proposition 29 Let X be a cubic sixfold defined by an equation
f1(x0, . . . , x3) + f2(x4, . . . , x7) = 0 ,
where f1, f2 define smooth cubic surfaces. Let F be the Fano variety of lines on X (so F is smooth of
dimension 8). Then
Ajnum(F ) = A
j
⊗(F ) for all j 6= 4 .
Proof The argument is similar to proposition 26. Again, we first prove a “Kuga–Satake type” statement
that may be of independent interest:
Proposition 30 Let F be as in proposition 29. There exists an abelian variety A (of dimension 10) such
that
h(F ) ⊂ h4(A×A)(2)⊕
⊕
j
h2(A)(mj)⊕
⊕
j
L(nj) inMrat
(i.e., h(F ) is isomorphic to a direct summand of the right–hand side).
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Proof This is similar to proposition 27. It follows from the Katsura–Shioda argument [20, Remark 1.10]
that there is a rational map
φ : X1 ×X2 99K X ,
whereX1 andX2 are smooth cubic threefolds defined by
f1(x0, . . . , x3) + z
3 = 0 ,
resp.
f2(x4, . . . , x7) + w
3 = 0 .
Moreover, the indeterminacy of the rational map φ is resolved by the blow–up ˜X1 ×X2 with centre Y1 ×
Y2 ⊂ X1 ×X2, where Y1, Y2 are smooth cubic surfaces. SinceH
3(Xi) = N
1H3(Xi), we have (just as in
the proof of proposition 27) a split injection
h(Xi) → h
1(Ai)(1)⊕
⊕
j
L(nj) inMhom (j = 1, 2) ,
where Ai is an abelian variety with dimAi = h
2,1(Xi) = 5. Likewise, since H
2(Yi) = N
1H2(Yi), we
have
h(Yi) =
⊕
j
L(nj) inMhom (j = 1, 2) .
The Ku¨nneth components of the diagonal of X are algebraic (as X is a hypersurface). The only inter-
esting cohomology ofX is H6(X). From the remarks above, we obtain a homomorphism
Γ6 : h
6(X) → h6( ˜X1 ×X2) = h
3(X1)⊗ h
3(X2)⊕
⊕
j
L(nj)
→ h2(A1 ×A2)(2)⊕
⊕
j
L(nj) inMhom .
Since both X and the Ai verify the Lefschetz standard conjecture, and Γ6 induces an injection on coho-
mology, Γ6 has a left–inverse (by semi–simplicity ofMnum, as in the proof of proposition 27). It follows
there is a homomorphism
Γ : h(X) → h2(A1 ×A2)(2)⊕
⊕
j
L(nj) inMhom
admitting a left–inverse. Using finite–dimensionality of the motive ofX (and lemma 2), we find the homo-
morphism
Γ : h(X) → h2(A1 ×A2)(2)⊕
⊕
j
L(nj) inMrat
also admits a left–inverse
We have seen there is a homomorphism
h(F ) → h(X ×X)(−2)⊕
n−1⊕
i=1
h(X)(i− 2) inMrat
admitting a left–inverse. Combining with the split homomorphism Γ , this proves proposition 30.
We proceed to wrap up the proof of proposition 29. It follows from proposition 30 (after taking Chow
groups) there is a correspondence Γ inducing a split injection
Γ∗ : A
j
num(F ) → (Π
A×A
4 )∗A
j−2
num(A×A)⊕
⊕
j
(ΠA2 )∗A
nj
num(A) ,
and the left inverse to Γ∗ is again induced by a correspondence. This implies there is a split injection
Γ∗ : A
j
num(F ) → A
j−2
(2j−8)(A×A)⊕
⊕
j
A2(2)(A) ,
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whereAi(j) denotes the Beauville filtration [4]. (Indeed, one has (Π
A
2 )∗A
1
num(A) = 0 and (Π
A
2 )∗A
i(A) =
Ai(2i−2)(A) = 0 for i ≥ 3 [4].)
The summand A2(2)(A) consists of smash–nilpotent cycles: indeed, thanks to Ku¨nnemann’s hard Lef-
schetz theorem [22], there is an isomorphism
A2(2)(A)
∼=
−→ Ag(2)(A)
(where g := dimA), which is induced by a correspondence and such that the inverse is again induced by a
correspondence. It remains to consider the first summand. It follows from general properties of Beauville’s
filtration [4] that
Aj−2(2j−8)(A×A) = 0 for j ≤ 3 and for j ≥ 7 .
In the remaining cases (j = 5 or 6), we have
Aj−2(2j−8)(A×A) =
{
A3(2)(A×A) if j = 5 ;
A4(4)(A×A) if j = 6 .
In both cases, it follows that
Aj−2(2j−8)(A×A) ⊂ A
j−2
⊗ (A×A) .
Indeed, in the first case (j = 5), there is a correspondence–induced isomorphism
A3(2)(A×A)⊕
⊕
j
A2(2)(A)
∼=
−→ A2g−1(2) (A× A) ,
( where g := dimA), thanks to Ku¨nnemann’s hard Lefschetz theorem [22]. As the inverse to this isomor-
phism is also correspondence–induced, this isomorphism preserves smash–nilpotence. But the right–hand
side consists of smash–nilpotent cycles, by Sebastian’s result [35]. In the second case (i.e., j = 6), we have
a (correspondence–induced) isomorphism (with correspondence–induced inverse)
A4(4)(A×A)
∼=
−→ A2g(4)(A×A) .
But the right–hand side obviously consists of smash–nilpotent cycles, and so we are done.
Remark 31 The argument of proposition 29 runs into problems for j = 4. This is because for j = 4, one
would need to know that
A2num(A×A) ∩ A
2
(0)(A×A) = 0 ,
which is one of the unsolved cases of Beauville’s conjectures.
7 Arbitrary dimension
In this section, we consider injectivity of certain cycle class maps for Fano varieties of lines on cubics of
arbitrary dimension. In the special case of Fermat cubics, we obtain an optimal statement (proposition 32).
For general cubics of arbitrary dimension, we obtain a weaker statement (proposition 37).
Proposition 32 Let X ⊂ Pn+1(C) be the Fermat cubic
x30 + x
3
1 + · · ·+ x
3
n+1 = 0 .
Let F = F (X) be the Fano variety of lines onX (so F is smooth of dimension 2n− 4). Then
Ajhom(F ) = 0 for all j ≥
5n− 2
3
.
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Proof As before, it follows from [27] that for any j there is a split injection
Ajhom(F ) → A
j+2
hom(X
[2]) → Aj+2hom(X ×X)⊕
n−1⊕
i=1
Aj+2−ihom (X)
= Aj+2hom(X ×X)⊕
n−3⊕
i=−1
Aj−ihom(X) .
(1)
We now use the following result concerning Chow groups of Fermat hypersurfaces:
Theorem 33 (Voisin [43]) Let X ⊂ Pn+1(C) be the Fermat cubic. Then
Ajhom(X) = 0 for all j ≥
2n+ 4
3
.
Proof This follows from a more general result [43], or alternatively [44, Theorem 4.4]. (Voisin’s result
actually concerns a more general family of cubics.)
Corollary 34 Let X ⊂ Pn+1(C) be the Fermat cubic. Then
Ajhom(X ×X) = 0 for all j ≥
5n+ 4
3
.
Proof This follows from theorem 33, combined with the following observation: if X and X ′ are two
smooth projective varieties and
Ahomi (X) = A
hom
i (X
′) = 0 for all i ≤ r ,
then also
Ahomi (X ×X
′) = 0 for all i ≤ r .
The observation can be proven using the Bloch–Srinivas argument [7], cf. for instance [23, Remark 1.8.2].
Using proposition 33 and corollary 34, we verify that the right–hand side of the map (1) is 0 as soon as
j ≥ (5n− 2)/3. Since the map (1) is injective, we are done.
Remark 35 Conjecturally, theorem 33 is true for all smooth cubic hypersurfaces; this would follow from
the Bloch–Beilinson conjectures.
The following conjecture is a special case of a more general conjecture (the conjecture as stated in [9,
Conjecture 6.4] concerns Fano varieties of linear subspaces (not only lines) contained in arbitrary complete
intersections (not only cubics)):
Conjecture 36 (Debarre–Manivel [9]) Let X ⊂ Pn+1(C) be a smooth cubic, and let F = F (X) be the
Fano variety of lines onX . Assume ℓ ∈ N is such that (ℓ+ 4)(ℓ+ 3)/2 ≤ n+ 1. Then the inclusion of F
into the GrassmannianG := G(1,Pn+1) induces an isomorphism
Aℓ(F ) ∼= Aℓ(G) ;
in particular Ahomℓ (F ) = 0.
Conjecture 36 is true for ℓ ≤ 1 [9, Section 6]. We provide some partial answer for higher ℓ:
Proposition 37 Let X ⊂ Pn+1(C) be a smooth cubic, and let F = F (X) be the Fano variety of lines on
X .
(i)
Ahom2 (F ) = 0 for all n ≥ 14 .
(ii)
Ahom3 (F ) = 0 for all n ≥ 18 .
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Proof (i) Suppose n ≥ 14. It follows from [31, Corollary 1] that
Ahomℓ (X) = 0 for all ℓ ≤ 4 .
Using the argument of corollary 34, we find that
Ahomℓ (X ×X) = 0 for all ℓ ≤ 4 .
It follows from theorem 4 that there are split injections
Ajhom(F ) → A
j+2
hom(X
[2]) → Aj+2hom(X ×X)⊕
n−3⊕
i=−1
Aj−ihom(X) .
From what we have just said, we know that the right–hand side is zero as soon as j + 2 ≥ 2n − 4, i.e.
j ≥ dimF − 2.
(ii) Suppose n ≥ 18. Then we have that
Ahomℓ (X) = 0 for all ℓ ≤ 5
[31, Corollary 1]. Again, this implies that also
Ahomℓ (X ×X) = 0 for all ℓ ≤ 5 .
There is a split injection
Ajhom(F ) → A
j+2
hom(X ×X)⊕
n−3⊕
i=−1
Aj−ihom(X) .
The right–hand side is zero as soon as j + 2 ≥ 2n− 5, i.e. j ≥ dimF − 3.
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